On The Approximation Of The Normal Vector Field Of A Smooth Surface by Morvan, Jean-Marie & Thibert, Boris
HAL Id: inria-00072112
https://hal.inria.fr/inria-00072112
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
On The Approximation Of The Normal Vector Field Of
A Smooth Surface
Jean-Marie Morvan, Boris Thibert
To cite this version:
Jean-Marie Morvan, Boris Thibert. On The Approximation Of The Normal Vector Field Of A Smooth









   



















ap por t  
de  r ech er ch e 
THÈME 2
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
On The Approximation Of The Normal Vector Field
Of A Smooth Surface
Jean-Marie Morvan — Boris Thibert
N° 4476
Juin 2002
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

























  ²dqreuvn^oqr~ofsnhk^me\jmtKv"njW]uqr~jmeuvhk^nZKqr] ®^W^Qn o^t\~vie\jW~]4qmh)·µ t\e\^vt\~£Eqmn^
hkfsvv^§¢njm]uqWn o^¥Ejm~fg^Qe=oc^°¦Mqrt®¯e\jm~]4qrhk^Qv®^DvM£Eqmn^Qv.wµ t\eu^io~fkqme\lmtuhkqrofkjmeªA®jWe=o.hg^Dv.vyjW]]P^ov
qm\uqm~yofg^Qe\e\^e=o n^oyo^&vt\~y£EqWn^W«'´8jm]]^&njm~jmhkhkqmfg~^m8e\jmtuv®cQ®tufkvjmeuv3t\e\^&qm\\~j°¯zfk]4q7ofgjWe ®^
hÍµ qrfk~^®^F§uqr~4hÍµ qrfk~^®^ª+«pjmtuv4qm\\hkfk|=t\jWeuv3n^~cQvt\hgoqro hsqFo~fkqme\lmtuhkqrofkjme-®^ ²p^Qhkqmt\euq°x
~^Qvyo~^fke=o^3jW{®o^Qezt\^&uqr~ofk~·µ tuecQnZKqre=ofkhghkjmeKqrlm^®^§M«Oe¢t®ofghkfsvqmeWoPhSµ qrhklmjW~fgoZu]P^®^ ´8Z\^i
eujmtuv¨njmeKvo~t\fsvjmeuv¨®^Qvdvytuf©o^Qvp\^"o~fsqre\lWt\hsq7ofkjmefkeuvn~f©o^Qvdvyt\~i§¬I®jme=o¨hk^Qv¨]^Qvt\~^Qvp\^njWt\~{\t\~^
o^eu\^e=o.m^Q~v¬hk^QvM]^Qvt\~^Qv®^+njmt\~{\t\~^d\^§¬«
 ½ D »  






 e oZ\fsvuqr;^~Dp¬^Fqm~^Ffge=o^~^Qvyo^Q fge oZ\^ ~^hsq7ofkjmeKvyZ\fk{;^o¬^^eAq¢v]jzjroZHvyt\~£Eqmn^ §1qreu q
o~fsqreulmt\hsq7o^Q]^QvZ&ª fkeuvn~fg{;^Qfke&fgo4¥ 





{;^o¬^^QeoZu^"o¬jvt\~£Eqmn^Dv«YMZ\fsvp~^Qvt\hgo¨fsvdm^~xlm^eu^~qrh*qmeu ]tuvyo¨{;^Pnjm]uqr~^Q f©oZ54kD_06ø«  e
oZ\^4njWeWo^¯zojr£8vt\~£Eqmn^P~^QnjWeuvyo~tun ofgjWe£Ë~jW] vnQq7o^~~^D vqm]\hg^P;jmfkeWov "«w­.]^e=oq^oiqmhS«¥Enr« £«
4k68qmeu74 _6ã¦qmhkvjlW^o+qru\~j°¯®fk]4q7ofkjmeKvpjm£8oZ\^4e\jm~]4qrhsvdjr£¬qv]j=jmoZ vt\~y£EqWn^W«  e84 9"6Í5\«;:\t Zuqmv
~^Qvt\hgovjm£wnjmezW^~lm^eKn^Mjr£IoZu^¨ntu~7q7ot\~^]P^Dqmvt\~^Qvjm£·q"vy^D|Wtu^eun^jr£·o~fsqre\lWt\hkqro^D]^DvyZ\^DvojioZ\^
nt\~°qrot\~^d]P^Dqmvt\~^QvMjr£5qvy]jzjroZvt\~£Eqmn^m«
YMZ\fsvuqmK^Q~¨fsvjm~lWqme\f+<Q^QqWvp£ËjWhghkj7.vQ« ¿ ^Qn ofgjWe>=vyoq7o^Qv¨jmt\~]4qrfke oZ\^jW~^Q]«  e ¿ ^Dn ofgjWe@?fkv












jW~fk^e=oq7ofkjmejm£ r §M«wlÃ^ox4{K^poZ\^¨t\e\fgoqr~xPe\jm~]4qrh\W^Qn ojm~)¡u^hs ¥Enjm]uqrofk{\hg^pf©oZ4oZ\^¨jm~fg^Qe=oq7ofgjWe
jm£¬§¦¨qreu>y {;^"oZ\^vy^DnjmeK£Ët\eu\qm]^e=oqmh*£ËjW~]jm£M§-qmvvjznfkqro^Df©oZ>xI«  ovd\^o^Q~]fkeuqre=oq7odq
;jmfke=o!zjr£Ã§&fkv {a|}$}~#	|D "&|DZu zB=f©ov5o~qmn^Mfkv ~$m#	|D |Dq zK« D~o

#	|D |D § & zfsvPt e i zK 30  k  zK  uZ\^~^    zK)qmeu  k  zK)qm~^¨oZu^d^QfglW^ez7qrhkt\^Qvjm£ÃoZ\^+vy^DnjWeu3£Ëtueu\qr]^QeWoqrh·£ËjW~] q7o(zw«(:fkeuqrhkhgxW o
w#F|D |DU §¶fkv
De"   D
±¤^ie\^^DoZ\^£ËjWhghkj7fgeul
  ½O½ ã0 ½i¡ £¢ 	 §Y¤ ¥}$0¦#$&§#	¨
	c©e*ª¥}|D«F#$U nqp /  DF	oe
¬}}u
D	}		®­   n p #$¯%&
c
° § i*#$¯








  ¤ 	+°}m%H­  	 	He
¬}$}m |Dc
	|c 




¬}%&#$q$e z © § ¨¬²H
¬}
° ¤ |Dque°&	$#	
& &c© § ª/
­'\~jzjr£jr£oZ\fsv\~jm;jWvf©ofgjWenQqre{K^£ËjWt\eufge 4 "6ø«
YMZ\^jm;^e vy^o ­  ®^QK^Qeu\vhgj®nqmhghkx qreu¶lmhkjm{uqmhghkxFjWe oZ\^v]PjzjmoZvt\~£Eqmn^§¬« lÃjznQqrhkhgxW5oZ\^
eujm~]qmhkv8jr£O§¶\je\jmofge=o^Q~v^Qno¬fke ­  «)adhgjW{uqrhkhgxW ­  ®^QK^Qeu\vMjme;jmfkeWovMZ\fsnZnqme{;^d£Eqr~¬£Ë~jm]
jWe\^iqre\jmoZ\^Q~jmeoZ\^+vt\~£Eqmn^mz{\t®o¨nhgj=vy^dfke±n p «
±¤^+vyZKqrhkhwqrhsvyje\^Q^QoZ\^e\jmofkjmejr£ $#FHUo}|D«F#$ ufke=o~jz\tun^Dfke 4 "6ø«









   
YMZ\^ $#F fsv.hkfgec1m^Qoj4oZu^"e\jmofkjmejr£ $*
(
¬} qmeu +0#e&F$&|D}
 	0m¨ ¢ ª ¥Ev^^4kF6*£Ëjm~
fkeuvyoqmeun^°¦ «OYMZ\^ e*&
O	
¬} jm£q4v]PjzjmoZvyt\~£Eqmn^i§jm£!n p fsvMoZ\^+nhgj=vytu~^djr£*oZ\^+v^o.jm£*;jmfkeWovfke
nqp¨fgoZ]jW~^oZuqrejme\^pe\^Qqm~^Dvo¬e\^fklmZz{;jm~)jWe§¬«YMZ\^ +#$&&Fe&|De~}$
 	0!#" §  zK5q7oMq+;jmfkeWogz3jm£
§¶fsvMoZ\^ Otunhkfk\^Qqre®fsvoqreun^£Ë~jW] zoj ¥ËoZ\^ie\^Dqr~^QvyoKjWfge=ojr£¦MoZ\^i]^Q\fkqmhwq7¯®fkvQ«
QSRQ $u`&%Ud('*)q_,+dw[Dh- WYh!]\§h!]
.0/1.0/   2¹*¹ 7 «ã0 ¹ 
­ o~fsqreulmt\hsq7o^QF]P^DvyZ ª fkviqojm;jmhkjmlWfknQqrhvytu~y£EqWn^Z\fsnZ¤fsviq ¥ã¡Ke\f©o^qreKFnjme\e\^Dn o^Qu¦dt\eufgjWe¤jm£
o~fsqreulmhk^Qv+jm£an p )vytKnZ oZuqrooZ\^fge=o^Q~v^Qnofkjme¶jm£.o¬j o~fsqre\lWhg^Dv+fsv^Qf©oZ\^~^Q]P\oxmOjW~"^Q|=tuqmh¬ojFq
W^~o^¯IzjW~^Q|=tuqrhIoj3qre^Q®lW^m«
±¤^+®^Qe\jro^d{zx4365 oZ\^+v^ojr£o~fsqre\lWhg^Dv8jm£ªAqreu{zx87qlW^e\^Q~fsnpo~fkqme\lmhk^jr£5ª+«
9:  7¥8®^Qe\jro^Qv¬oZu^ihg^Qe\lroZjm£ÃoZ\^ihgjWe\lm^Dvo^D®lm^jr£7\qreu<;  7¥)f©ovqr~^Qqu«
9 YMZ\^£Eq7oe\^QvvMjr£7fsv¬oZu^i~^Dqrh·ezt\]"{;^~
=  7¥O ;  7




&°+ 7«  o.fsv¬oZ\^i~^Qqmh·ezt\]"{;^~
vyo~  7¥O e
 m^Q~yo^¯jm£?>
 A@1B  =   3






9 YMZ\^+qr~^Qq ;  ªOfkv¬oZ\^+vt\]jm£ÃoZu^+qr~^Qqmv¬jm£qrhkh·oZ\^o~fkqme\lmhk^Qv¬jm£ª+«
9 YMZ\^iZ\^QfglWZWojm£ªHfkvA
:  ªw c>   :  7 
9 YMZ\^£Eq7oe\^QvvMjr£5ª fsvA
=  ªw @1B>    =  7¥ 
9 YMZ\^ }e
3°&F}e} jr£ªHfsv	A
vyo~  ª! @1B>    vyo~  7¥ 
^Q]4qr~e1oZuqroioZ\^ }




.0/1.0/1.  Ë  Ë\ ¹ ¾  ¹ 	  ½  ¹  º   Qm"E ¹ ¾£  ¤ ½w½ 
	  wø\ ¹
9 ±F^vq°x&oZuq7oqo~fsqre\lWt\hkqro^D ]P^DvyZjr£SnqpfkvfgeKvn~fk{K^D fkeq&v]j=jmoZ¶vt\~£Eqmn^§Hf©£dqrhkh8fgov
m^Q~yofkn^QvM{;^hkjme\lPoj§¬«
9 ­Ao~fkqme\lmtuhkqro^Q]^QvZªAfsv.nhkjWv^hkx4fgeKvn~fk{K^Dfgeq4vy]jzjroZvt\~£Eqmn^+§¶fg£A
W«8oZ\^o~fsqre\lWt\hkqrofkjmeªHhkfg^DvMfge ­   §Z\Z\^Q~^  fkv¬oZ\^i~^DqmnZjr£O§¬
_\«Mqmhgh·W^~ofsn^DvMjr£*ªA{;^hkjme\lPoj§M
, «Mqmhgh·W^~ofsn^DvMjr£ r ªA{K^QhgjWe\lPoj r §¬
K«8oZ\^i~^Qvyo~fknofkjmejm£ ² ojªAfkvMjWe\^ojjWe\^m«
9 lw^oª {K^qo~fsqre\lWt\hkqro^DF]^DvyZ¶nhgj=vy^QhgxFfgeuvn~fk{K^D fge¶q&vy]jzjroZ¶vyt\~£Eqmn^§¬«¦lw^o {K^q
KjWfge=ohkx=fke\lfgeoZ\^fkeWo^~fgjW~8jm£*qio~fsqreulmhk^ 7 jm£wª+«glw^o > {;^poZ\^e\jm~]4qrhKhgfke\^doZ\~jmtulmZ
oj 7«±¤^i\t®o
    >  x      
YMZ\^"~^QqmhÃezt\]{K^Q~  fsv¨\^¡ue\^D qrhk]jWvyop^W^~xzZ\^~^jme ª+«+¥  £(!fsvdq4KjWfge=odjme qre^D®lm^
jm~q&W^~o^¯I5jWe\^nQqre\^¡ue\^   {zx oq&1zfgeul oZu^vt\\~^]t\]
jr£.oZ\^qme\lmhk^Qv{;^o¬^^eoZ\^
o~fkqme\lmhk^QvMZufknZnjWeWoqrfke± qmeuoZ\^ieujm~]qmhBx   ¦«
±F^+nQqre®^¡Ke\^oZ\^i~^Qqmh·ezt\]"{;^~  ^e  5  
 fsv.nqmhghk^Q D	
;&°+ ¤ FEq$F¦&o&J} § &* ª+«
9 lw^o"ª {;^qo~fsqre\lWt\hsq7o^D¤]P^DvyZ nhgj=vy^Qhgx fkeuvn~fg{;^Q fke qvy]jzjroZ vyt\~£Eqmn^§¬«8 D¥eF+&
 
#F|D |D  ª Eg
±F}%D$#	q© §fsv¬oZ\^i~^Qqmh·e=tu]"{;^~.®^¡ue\^Q{zxiA
   ªw c  5! " 5   ²D @#       
ä*ä éµ\ò òóñ





   ª! >     > :  7¥   
	¹  \  ­Ao~fsqre\lWt\hkqro^D3]^QvZªAnhgj=vy^Qhgx4fkeuvn~fg{;^Qfkeqv]j=jmoZvytu~y£EqWn^"§¶vq7ofkvy¡u^Dv	A
9    ª    ª
9    ª m«












;&°+  ¤ 	Eq$	@ }  § &* ª }	&
¬}«')F}
A@1B   




 § /     ª O
	¦o
o&w°&    ¤ FEq$F DiJ}U § i* ª }	
¬}«')F}
A@ B   ?}$ ª      ª 
 eq\~^zfkjmtuv¬uqmK^Q~QÃ¥U4g , 6Ë¦ \¬^ilmjmoqmeqm\\~j°¯®fg]4q7ofgjWejm£*oZ\^+qr~^Qqjr£qvy]jzjroZvt\~£Eqmn^{zx
oZ\^4qr~^Qqjr£Mqre qrhk]Pj=vo2ø\f©ÂI^~^e=ofsqr{uhg^vytu~y£EqWn^4nhkjWv^"ojf©oDÃfke&o^~]vjm£8oZ\^4qre\lWhg^Dvd{K^o8^Q^e¤oZ\^
njm~~^Dvy;jmeK®fgeul"e\jW~]4qrhsvQ«5³¨vyfke\lPoZufkv~^Qvt\hgo8^jm{\oqrfkefg]]^Q\fkqro^hkx4oZ\^£Ëjmhkhgj7fke\l ½  ½  E® º . ¢ F § ¤ o@¨©#$&§#	a
	c© ¤ +©ª k }|D«F#$ 





 § /    ?}$ ª     ª  
	¦u$± § }	
¬}«')F} 
# }  5    k    ª k





­¨v.qrejm{zzfgjWtuvMnjWeuvy^D|=t\^eun^m®¬^lm^ooZ\^d£Ëjmhkhgj7fke\l4njWezm^~lm^Qeun^¨~^Dvytuh©o0A ½  ½  E® º  ¢ F § ¤ m¨#$~D#F&
F¯% ¤ +ª  k }|D«F#$±






 § /  




3°F}$} ª  
¬}¨|D¯





 ;  ª  w ;  §) 
¿ fkeun^i§ fkvMnjW]uqmnoQ=oZ\^v^QnjWeu3njmeu®fgofkjme]4q°xP{;^8^Dq&1W^e\^D{=x3qWvU1zfke\l+oZuq7o    ª  5o^Qeu\vojo<^~jPZ\^e  lWj=^Dv8ojfge\¡ue\fgoxm ¨%
¦}	}		}	  D+	°H e*°F}o&´ ¤ «+&°aEODF
u#	|D "&|D
¬}}$/// ª «
      "$++5
±¤^{\t\fkhk¤qvy^D|=t\^eun^jm£ «c
#$ o~fkqme\lmt\hsq7ofgjWeuv¨{uqmv^Q&jme¡C DFE µ viqrhklmjW~fgoZu]O¥Snr« £«±4 6Ë¦dqreu&8^
qm\\hkxnjW~jWhghsqr~xiqreunjW~jWhghsqr~x , «glw^o.tuvM~^]fgeKoZ\^+njWe=o^¯zoD«
§RUT VdgW +h¡X#'^d ]WYXXg[\ ]_§`b$dOfih d(',-h+dg_,'ad [` %d('*)q_,+dw[6%X#'
­ ¡ue\fgo^pv^o"!jme§Ffsv)nQqrhkhg^D4q }	~¯+ jm£Ã§M«5­pe$#2øvqr]\hk^jme§Ffsv¬q+vqm]\hg^¨vytunZoZuq7o)£Ëjm~)^Qm^Q~x
;jmfke=oS jr£)§¬zoZu^i{uqrhkh&%    #el;: ¿   U)^QeunhkjWv^QvMqro.hg^DqmvyoMjWe\^KjWfge=o.jm£'!p«
±¤^"®^Qe\jro^+{zx²¨^h  !§)oZu^²¨^hsqrt\euq°xo~fkqme\lmtuhkqrofkjmeqmvvyj®nfkqro^Qoj(!p«*)jm~^j7W^~D®8^+\^e\jmo^+{zx
²¨^h   !a5oZu^¨~^Qvyo~fknofkjme4jm£Ã²p^Qh  !a5oj§MWoZuq7oMfsvOoZ\^dv^o¬jr£·£EqWn^Qv8jr£²p^Qh  !aZujWv^¨®tuqmh,+jW~jWe\jmf
£EqWn^Dvnt®od§¬«
 eoZ\^d£ËjWhghkj7fgeuluz8^vq°xoZuq7o-!-fkv °0* fg£²¨^h   !aOfsv8Zujm]^jW]PjW~uZ\fknpoj3§ qmeuvoq°x4Z\jm]^F2
jW]jm~\Z\fsn¬oj§ f©£w¬^pqmu3vqm]\hg^pKjWfge=ovQ«  o8fsv)¬^hkhc1ze\j7eoZuq7o¬f©£'#*.   WWqme=x#2øvqr]\hk^.jm£§Ffkv
qlmjzj®3vqr]\hk^P¥Snr« £«S4gF6ã¦«  £ÃoZu^dvqr]\hk^¨fsv¬lmjzj®·®qrezx3®tuqmhI^Q®lW^pjr£²p^Qh   !§nt®ovp§ fgeq"tue\fk|=t\^
;jmfke=oQ«
§RQ / ' d0* + %fid;[6%UX#' _~] % '*)214365798]d(+ )(X(`&%[D\~W
lÃ^o§'{;^q¤njW]uqmnoPvt\~y£EqWn^W0! {;^q;:#U2øvqr]\hk^jm£§¬p¥<:#=.   °¦ O²¨^h   !ai{K^oZu^~^Qvyo~fsn o^D
²¨^hsqrtueuq°xo~fsqreulmt\hsq7ofgjWe qmvvyj®nfsq7o^Qoj3oZu^Pvqr]\hk^!Ajr£¬§¬«:\~jm] ²¨^h   !aSC DFE µ vqrhklmjm~fgoZ\]
{ut\fghs\vq"o~fkqme\lmtuhkqrofkjme3Z\fsnZfkv¬¡ueu^~¬oZuqme²¨^h   !auqreuZ\j=vy^¨£Eq7oe\^Qvv¬fkv  = ?> fg£O§ fkvnhgj=vy^D
qmeu    A@ > f©£)§ZuqmvqP{;jmt\eK\qr~xm«
pj7izoj4lm^o.q"o~fsqreulmt\hsq7ofgjWeZ\fsnZfkvnhgj=vy^doj§H¥ã£ËjW~MoZ\^+Á¨qrtuv®jW~yÂ&®fsvyoqreKn^D¦®8^i¬jm~e13qmv
£ËjWhghkj7.vA*±¤^dnjmeuvfs®^~q¥Elmjzj®u¦4:#2ìvqr]\hk^m:#B.   m«5±F^d¡\¯$#   «5Y*jP^QqmnZ3£Eqmn^DC jm£*²¨^h  !a®8^
qWvvj®nfsq7o^ioZ\^¥Ëtue\fk|=t\^°¦pv\Z\^Q~^Z\jWv^n^e=o^Q~E"fkv¨jme §qreKZ\fsnZFnjWe=oqrfkeuv.oZ\^Pm^Q~yofkn^Qv¨jr£FC5«
ä*ä éµ\ò òóñ
      
 ¤ 	
lÃ^o   {;^+oZ\^+]4q7¯®fk]4qrhÃnfg~nt\]~qm®fktuvjm£5oZ\^i£EqWn^Dvjr£O²¨^h   !a«  £    #QK8^+njmeuvfs®^~oZ\^"qmhgh
£EqWn^Dv5jr£·²p^Qh  !a*Z\j=vy^nfg~nt\]~qm®fktuv5fsv5hkqm~lW^~oZKqre #D«±¤^.qmu"oZ\^.njW~~^Qv;jmeu®fke\ln^QeWo^~v6E¬vMoj
!¨m{\t\fkhs4²p^Qh  ! E  v	ÃqreKP²¨^h   ! E  v	«  o^~q7ofgeul¨oZ\fsv\~jzn^Qvvm8^Mjm{\oqrfke4q¨o~fkqme\lmt\hsq7ofgjWe
ª  #OvytunZoZKq7o
9 oZ\^ihk^eulroZjm£*^W^~x3^Q\lm^fkvD.#D
9 oZ\^£Eqroe\^Dvv.fkvM{;jmt\eK®^Q{zx3{;^hkj7 {zxqme |D¯
 "	$}	 njWeuvoqre=o+¥Ëfkeu®^QK^Qeu®^e=opjm£ # ¦ «
 e¦4 , 6ø\\« ²"«
¬jmfsvvjme\eKq7oO\~j7m^D"oZuq7o)oZ\fsv8qmhglWjm~f©oZ\]o^~]fgeuqro^Dv«6)jm~^j7W^~Drfgo)fkv8^QqWvyx"oj"v^^
oZuq7ooZ\^4ÁpqrtKv®jW~yÂ¶®fsvyoqreKn^P{K^o8^Q^e¶§qreK oZ\^P¡ueuqrh5o~fsqreulmt\hsq7ofgjWe fkvhk^Qvv¨oZuqme #Dwqmeu oZuq7o
£ËjW~"#¬vy]4qmhghK^e\jWt\lmZw=ª  #	*fkv8nhkjWv^hkxfkeuvn~fg{;^Qfke§¬«  e3uqm~yofknt\hsqr~DmtuvfgeulP´8jm~jmhkhkqm~x.8^plm^o8oZ\^
£ËjWhghkj7fke\l ½  ½  E® º ¢ F § ¤ o}&±}$|D«F#$u&* ! ¤ u¦¨«°0*$ª #  }	~¯+oU § / ¢ F #  ¯/  DF
H
&°|D+
 ª  #  ¤ ©




o&S&°+  ¤ 	Eq$	@iJ} U § i* ª  # }	
¬}'Z} 
 @1B   u K # 
EODFe u    *Fi©}±#e&}©c*D	*&
°P¯ ´¥ D	
;#	|D |D   U § /
´8jWeuvyfs®^Q~euj7¶oZu^Mv^Q|=t\^Qeun^ #   «
¬xioZ\^u~^Q=fkjmtKvÃ\~j®n^DvvQ78^qWvvj®nfsq7o^Mqpo~fkqme\lmt\hsq7ofgjWe
ªvqrofsv£Ëxzfke\lPoZ\^£ËjWhghkj7fgeul\~jm;^~ofk^QvA
9 ^QqWnZª  fsv.nhgj=vy^Qhgx3fkeuvn~fg{;^Qfke §
9 oZ\^+Á¨qrtuv®jW~yÂ&®fsvyoqreKn^{K^o8^Q^eª  qmeu § o^eu\voj  Z\^e  o^eK\v¬oj4fke®¡ue\fgox
9 oZ\^£Eqroe\^Dvv.jr£*ª  fkvtue\f©£ËjW~]hkx3{;jmt\eu\^Q{K^Qhgj7H{zxqPKj=vyfgofkm^injmeuvyoqmeWoD«
YMZ\fsvfk]\hgfk^Qv.fgeuqr~ofsntuhkqm~+¥Ë{zx3tuvfgeulnjm~jmhkhkqm~x , ¦ 
	 @ 




\^oqmfghsvMjme #	|D "&|Do$}$|De} ¦ «






 SRUT / ~_§`h+  )(hBXqWYhK[D`&%f8`h!]_ +[
YMZu^¨£ËjWhghkj7fke\lhg^Q]P]4qPfsv.qP\t\~^hkx3lm^Qjm]^o~fsnp~^Qvt\hgo.fgemnqpA8¹     ¢ 	 7 ¤ o±
&°+oEO}	o "	
#eF}u& z  z  i* z k /       k *	&%F}&°+ ¤ 	Eqe	 ¥&o&B%D
°&+o&*u	
¬}	u
   DF
 / 	 	 ! " 	 ! $# &% ' ! " (% ' ! $# ) +*-,  ) * (% '  " (% '  (% '    $#  	"  ,  &% '  " (% '   	   .#  	"  , 	   " 	   $# &% '   " (% '   $# 	  *$/EODFe =+0   #  k  k  
¬}®D°&  ¤ FEq$F21zz 0 i*uDe°&&¯ 	e#	
 U31zz 0 ¯%D+i &D°iB©o	u
  EO
#FP#$¯%&






 ©ª±&*98 .: c <; 
¬}u°& uU 7  z /
 /  ¥D&
#	|D+  
  A@ B =    # i*   @1B = k  # !	
A@ B       #A@ B 8 
EO	=8 .: c <; 
¬}D &°+o 7  z /
  ½w½  ½  )¹     
m«M±F^\t\o :  zz   : k zz k qreu  ?>@  
AB





z   >@ : .CED GF HCD  = :  A@1BIF -CD  = 
:  A@ B = 
AB
 z k  >@ : k CD JF k CD  = k: k  @1BIF k CD  = k
: k A@ B = k
AB

fgoZLK =+0   #  k  k  F 0  ; c   : 




E P&v    wRQQQQ .  
1zz 5M 1zz kS 1zz  M 1zz k S  QQQQ 
 E k
t k  O k  E k 
±F^iZKq°m^A
t  :  : k  CED  =  A@ BIF  A@1B = k # CED  = k A@ BIF k A@1B =   O  :  : k  CED  = k CED GF k A@1B =  # CD  =  CD GF  A@ B = k  E  :  : k CD  =  CD  = k  CD GF   @1BIF k #  @1BIF  CD GF k  :  : k CD  =  CD  = k A@ B  F k #TF   
ä*ä éµ\ò òóñ
D      
 ¤ 	
YMZ\fsvfg]\hkfk^QvMoZuq7o
   "    CD  k =  A@ B k = k  CED  k = k  @1B k = #  CD  = -CD  = k  @1B =   @1B = k CD   F k # F   @1B k  = k # =     CD  =  CD  = k  @1B =   @1B = k   # CED   F k # F  U 
 eoZ\^ijmoZ\^Q~Zuqreuw®8^lm^oA
CD  8 
	$ " 	$  "   CED  = .CED  = k  CD GF -CED GF k   @1BIF  A@ BIF k   A@1B =   @1B = k CED  = .CED  = k CED   F k #TF     @1B =  A@ B = k 
¿ t\\;jWv^oZKq7o CD  =   qmeu CED  = k   «OYMZ\^Qe
CED   F k #TF  O CED  8 #>A@ B =  A@1B = kCD  = .CD  = k 
YMZ\^~^£ËjW~^
    "   £ @1B k  = k # =     CD  = .CD  = k  @1B =  A@ B = k  # ! " " # $ " $   £ @1B k  = k # =      @1B =   @1B = k CD   = k # =   #  CED  8  @1B =   @1B = k 
%  "    CD Uk =  CED ek = k   # &'() # "  ! * " *   k  CD Uk =  CED ek = k #>A@ B k =   @1B k = k # CD Uk 8   CED  8  @1B =   @1B = k     %  "   £ @1B k  = k # =      @1B =   @1B = k CD   = k # =   CD k = .CD Uk = k # A@ B k =   @1B k = k # EP&v0k 8 
¿ t\\;jWv^e\j7-oZKq7o CD  =    «5YMZztuv8oZ\^dqme\lmhk^   fsvM^Q|=tuqrhKoj  k jm~ #  k qreK CD Uk     «¿ fkeun^ CED  8 £ @1B = k ®oZ\^i~^Qvt\h©ofsv.vyofkhgh·o~tu^m«
_®«M±F^iZKq°m^
 A@1B =+0  # qreu  CD  =0  4+ # # k 
YMZztuv CD k =  CED k = k #>A@1B k =  A@ B k = k # CD k 8   CD  8  @1B =   @1B = k4   # #$k # #  # CED k 8 #  #$k  @1B k 8 # ? #$k 
qreu
A@ B k  = k # =     A@ B =  A@ B = k CED   = k # =   CD  k =  CED  k = k #>A@ B k =   @1B k = k # EP&v k 8 ?#$k   #$k  # EP&v0k 8 A@ B k 8 -, #$k 





¿ t\\;jWv^ie\j7 oZuqro      .W«OYMZ\^eÃ®8^ilW^o
CD  k     4  # ?# k @1B k 8   # , # k @1B k 8  4 #   # k @1B k 8 
qreu
A@ B       #A@ B 8 
 £  "    4 WzoZ\^i~^Qvt\hgofkv.vyofkhkh·o~t\^m« SRQ >XqW §dO`&% ' ) [\§h +Uh'*)g[\ X(bd )(hBX-ah;]%f£d(' - %[]fc\§X(`&-
±¤^"eu^^Q oZ\^"£Ëjmhkhgj7fke\l3~^Qvt\hgoP¥Snjm]uqm~^"f©oZ54kQ"6øIZ\fknZF®^Qqmhkv¨f©oZ oZ\^njmezm^¯nQqmv^D¦ZujWv^
u~jzjr£5nqme{;^£Ëjmt\eKfke 4g , 6%A
  ½O½ ã0 ½i . ¢ 	 § ¤ }&u}|D«F#$ n p Eg
D|D ¤ |Di*´  ­  &PD	m}| ¤ }		gU n p
EODFeo±²­ 	 § 




¬}«'Z}(FuF F´   ­  

 ²D     w c  e°&!© ª    § 

 ²D     O  s   #             e+	!© ª    § 
EO	 #   . x                   #      /
 /  8
#F|D   D 
3 U 
 ²D    nqp  ª    § ¨%
 +0#$&D&o&q$&oF}&    k   x    &*&   k    ª
¬}§°&
 	 ¤ ´
	      "!           !       ½  ½  E® º#" ¢ F § ¤ 7}&#$~#	o}$|D«F#$ n p  ­  5iF
3°& ¤ &$0*£U § EO	
m$²$(­   § 
¬}±EqFa*'(i$*  z &*&%Eq¥D&
c}m § }$|c#FD ; z '% :)( ­  &*²D : z '% ; *(§,+ r § /  	@u*
¬}%&#$.- 0/ ¤ FEq$F z i*1%¦ § }	
¬}'Z} 
- 0/  #  z %
EODFe    32   /54 S ²D   #> S     /
ä*ä éµ\ò òóñ
°_      
 ¤ 	
  ½w½  ½  )¹    " ¿ fgeun^ ²D ; z % :Mfsvpq3nt\~W^+jmeF§MKfgovphg^Qe\lroZ fkvphkqm~lW^~oZuqre oZ\^hg^Qe\lroZ -  /jm£ÃoZ\^ilm^Qjz\^QvfkndZ\j=vy^^eK\vqr~^Szqmeu % «OYMZ\^~^£ËjW~^A
- 0/  -©²D ; z '% :U# e 32   / 4  
 ²D    z % 
 eoZu^ijroZu^~Zuqmeu·®£ËjW~^m^Q~x .: z '% ; \8^Zuq°W^S ²D   #  S     .  
¿ fgeun^ ²D zKgzqreK ²D % w %   . m«OYMZ\^Q~^£Ëjm~^d}~jm;jWvfgofkjme_"fk]\hkfg^DvMoZuqroA
 
 ²D      # S ²D   #> S     #  
qmeunjm~jmhkhsqr~xIfsv\~j7m^D·«
 SR >XqW §dO`&% ' ) [\§h '§X(`cWYd(+U] dw[7dqhB`D[Dh
±¤^+vZuqrhkh·\~j7m^¨oZ\^£ËjWhghkj7fgeul




 § i* z  "	%e
U 7 /  DF>D&°+      k  ¤ FEq$F¦&o&J} § &* 7 & z }F&
¬}«'Z} 
 @1B           7¥ A@1B 8   #    7¥U 
EODFeI8  
¬}u°&+oU 7 & z /
YMZ\fsv\~jm;jWvfgofkjmefsv.qnjWeuv^Q|=t\^eKn^djr£oZ\^£ËjWhghkj7fgeul8¹    . ¢ 	 §£¤ a}&u}|D«F#$  7 
°& ®#	+}F	 ´ 
}	#F
 ¤ $* 
 §  z &* %Eq "	
#$F}
U 7 /  DF5D¥°&  =   c  k  ¤ FEq$F 1z %>&*P±e°&B¯ 	e#	
 U 1z %¯% ª  §}	&
¬}«')F} 
A@ B =    - 
EODFe -
¬}u*
¬}©#$o § ¤ FEq$F z * %/
  ½w½  ½  )¹    . lw^o)j ®^Qe\jro^¨q+lW^j®®^Dvyfsn.jm£§ hkfge1zfke\l~zqreu % «wjfsv¬uqr~qr]^o~f+<Q^Q{zx4qr~n
hk^eulroZ{zxiA 8  ; 5- :  § 
fgoZ 8w  wzqreK 8w - w % «O­ vfg]\hk^+nqmhknt\hkqrofkjmelmfkm^Dv	A8;-  # 8;  ; - 8     








! "$#	%&(')	+*  ,
lÃ^o 1   
	  	
- # e 8    e%s¬qreK 1  	0/0/ «±¤^iZuq°W^A
8    w z %- 1 # 1  fgoZ K S 1 S   S 1  S  	  !k 
qmeu
A@ B =  @1B
	   

  
  " S 1 M 1 S  -   
  ½w½  ½    ½O½ Ë ½i   ²p^Qe\jro^{=x -  oZ\^F®fkvyoqmeun^jWe§ {;^o¬^^Qe zqmeu z  ¬{zx - k oZ\^\fkvyoqmeun^jme&§¶{K^o8^Q^ezqreKuz k « ¿ fkeun^iªHfsv.nhkjWv^hkx3fkeuvn~fg{;^Qfke §MzoZuqme1®vMoj3njm~jmhkhkqm~xI8^lW^o0A
-  
zz 
#    7¥  : >#  > qreK - k  : >#  > 
YMZu^~^£Ëjm~^mzhk^]]4q3_fg]\hkfg^Dv¬oZuqro
 @1B =  
  >  -      7   #    7¥ qreu A@ B = k  
  7¥  #    7¥U 
YMZu^ehg^Q]P]4qfk]Puhgfk^Qv
A@ B       A@ B 8     7¥  #    7        7¥ A@ B 8    #    7  SR  >XqW §dO`&% ' ) [\§h '§X(`cWYd(+U] X(b±d ]WYXZX([D\^]_a`cbedgfih
  ½O½ ã0 ½i  ¢ 	 § ¤ >}&#e&§#	





 §  z i* v Eq
¯} & 7 /  	>D &°+       k  ¤ FEq$F Eq&o&J}x    i* x     &;²D zK &*²D v }	&
¬}«')F} 
A@1B    #    7¥#  > 
EODFe : > 
¬}	
3°SU 7 *  > 
¬}D	+&
 o#F|D |DU 7 Eg
mF}$#F)%²D 7¥ /
YMZ\fsvOu~jWKj=vyfgofkjmefsvOoZ\^pnjWeuv^Q|=t\^eKn^jr£IoZ\^.£ËjWhghkj7fgeulihg^Q]P]4quWZ\fsnZ4fsv)q+®fk~^Qn o¬qr\\hkfsnq7ofgjWe
jm£ÃoZ\^i]^Qqre7qrhkt\^doZu^jm~^]PA8¹      ¢ 	 §¡¤  }o0±#$~D#F
	c©e* }|D«F#e  nqp  t &* O Eq~D&
c} § /  
&°+       c  k ¤ FEq$F Eq } x   &* x  & t i* O }	&
¬}«')F} 
A@ B       5  !   t 
O
 
EODFe   	
o&;#	|D "&|D  § &* !   t 
O
 D *&




YMZ\^Qjm~^] inQqre{K^ifk]]P^D®fsq7o^Qhgx®^Q\tun^D£Ë~jm] }~jWKj=vyfgofkjmeKv , qmeuu\vfgeun^
A@ B    #7A@1B     A@1B     
ä*ä éµ\ò òóñ
Q      
 ¤ 	
   "(¬$Q6"





4g	6 "«8­p]P^Qe=oq\*) « 
¬^~ewB) «iqm]"zx®vv^hkfkvQ8­ e\^ +jm~jmeujmf+2Í{uqWvy^Dvt\~£Eqmn^~^Qnjmeuvyo~tun ofgjWe
qmhglWjm~f©oZ\] ¿ fklmlm~qruZ&µ 9¥099=¦OK0I2Íz_®m«
4 _6 "«D­p]^e=oqu ¿ «°´8Z\jWfS7Y« «Q²¨^xm "«0lÃ^^	1zZuquD­vyfk]\hg^8qrhklmjm~fgoZ\] £Ëjm~ÃZujm]^jW]PjW~uZ\fknvt\~£Eqmn^
~^Qnjmeuvyo~tunofkjmewIQroZ­.euew« ¿ xz]Kj=v«®jWe&´8jm]\t®oq7ofkjmeKqrhwad^jW]P^o~x&¥S_mmWW¦¬_® , _W_m_®«
4 , 6+u« ²"« 
¬jWfkvvyjWe\euqroQzfge\~^Kqr~q7ofkjmeÃ«
4 6+u« ²"« 
¬jmfsvvjmeueuq7oD":¬«m´¬q&<Dqrhsv ¿ ]jzjroZvt\~y£EqWn^8~^DnjmeKvo~tunofkjmeizfsq.euqrot\~qrhWe\^fklmZz{;jm~fge=o^Q~;j&2
hsq7ofgjWe3jr£Ã\fkvyoqmeun^£Ëtueun ofgjWeuv  e}O~j®nr«KQroZ­pe\eztw«=­p´-) ¿ xz]P;jWv´8jm]\t\oQ«®ad^jm]«;¥S_rWm=¦
_W_ , 2ì_ , _®«




4 &6l)« }«;´8Zu^iuadtuqm~qmeWo^^D2ø|=tuqmhgfgox]^QvZlm^Qe\^~q7ofgjWe3£ËjW~Mnt\~m^Qvytu~y£EqWn^QvQD97oZ­pe\eztuqrh*´8jW] 2
ut®oqrofkjmeuqmh*ad^jW]P^o~xmcI9 , m´¬­" ³ ¿ ­+«
4Ð"6) «O}*«O²¨j¶´¬qr~]PjK)²¨f©ÂI^~^e=ofsqrhMlW^jm]^o~x¤jm£¨ntu~W^QvPqreu¢vyt\~£Eqmn^Qv¥EY*~qmeuvhkqro^Q¶£Ë~jW]
oZ\^
}jW~yot\lmt\^Dvy^W\}~^e=ofsn^	2øÁ¨qrhkh  eunr«k e\lWhg^Q8jzj®´8hgfgÂIvQ "« u«g·09=rW¦ «
4 &6iÁ"«c:\^D®^~^~DK´8t\~7q7otu~^]^QqWvyt\~^QvQ®YÃ~qreKv«\­p]P^Q~Q« ) q7oZÃ« ¿ j®n9 , ¥09I&9=¦OK &2Í9\m«
4 9&6+u«:utwu´8jmezm^Q~lW^eun^Mjr£wnt\~7q7ot\~^Dvfkevy^DnqmeWo)qm\\~j°¯®fg]4q7ofgjWeuvQW\«=²pfgÂI^~^e=ofsqrhIad^jm]^o~x , 
¥y99 , ¦¨7m029W\«
4kQ&6­"«KÁ¨qr~qrt®¯·\Á.j7Hoj3\f©ÂI^~^e=ofsq7o^oZ\^iu~jm^Qn ofgjWejWeq4njmezW^¯v^opfkeÁ.fkhg{;^~o¨vuqmn^m« ¿ jW]P^
qm\\hkfknQq7ofgjWeuv¬oj7qr~fkqrofkjmeuqmhIfge\^D|=tuqrhkf©ofg^Dv;\« )qroZw« ¿ j®nr«uWqruqme_9 
	¥09=Wr¦8\0I   , m«
4km	6iu«,)fkhke\jm~D )jm~v^poZ\^jW~x&¥S}~fgeun^ojme³.e\fkm^Q~vfgox3}~^DvvQ\}~fgeKn^ojmew .^ m^~vy^QxmI9W , ¦«
4kD_6iu« ) « )jm~°qmew 
d«DYMZ\fk{;^~oQ  eoZu^¬qm\\~j°¯zfk]4q7ofgjWedjm£uq.v]PjzjmoZ"vt\~£Eqmn^)f©oZ"qo~fsqre\lWt\hsq7o^D
]^DvyZwI´¨« aP« Y« ­"«®oj3qm\;^Qqr~D«
4k , 6iu« ) «0)jm~°qmew 
d« YMZ\fk{;^~oQ  e oZu^qm\\~j°¯zfk]4q7ofgjWe¤jm£MoZ\^qr~^Qqjm£pq vytu~y£EqWn^m5~qr\;jm~o®^
~^QnZu^~nZ\^  ¨  ­'ew«\ , I®=£Ëcz~fg^Q~p_rm=_®«
4k69) « ¿ \fg7q1;¨­ njW]\~^QZ\^eKvyfkm^ fke=o~j®®tun ofgjWe-oj ®f©ÂI^~^e=ofkqmh¨lW^jm]^o~xm +jmhÍ« ìì ¥ ¿ ^DnjmeK
^D®fgofkjmewu}Ot\{\hkfkvZjm~.}^~fkvZ  eunr«k\±fkhg]fke\lrojmewu²¨^hÍ«kw9z9W¦«
ØËîäwØãû
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
